A compact oriented 4-manifold is defined to be of "superconformal simple type" if certain polynomials in the basic classes (constructed using the Seiberg-Witten invariants) vanish identically. We show that all known 4-manifolds of b + 2 > 1 are of superconformal simple type, and that the numerical invariants of 4-manifolds of superconformal simple type satisfy a generalization of the Noether inequality. We sketch how these phenomena are predicted by the existence of certain four-dimensional superconformal quantum field theories.
Introduction
On several occasions insights into the physics of quantum field theory and string theory have suggested new results and techniques in mathematics, particularly in geometry and topology. One of the main focal points of activity in physics in the past few years has been the study of superconformal field theories in four dimensions. In this letter we show that some of the recent progress in physics leads to new results on the geography of fourmanifolds.
This letter is primarily intended for a mathematical audience. The physical motivation for our results is summarized briefly in section five. A more extensive account of this work can be found in [1] .
SST Manifolds
Let X be a compact, oriented four-manifold with b + 2 > 1. In this letter we will address the relation between the classical numerical invariants of X:
and its Seiberg-Witten invariant, which is a map SW : Spin c (X) → Z Z from the Spin c structures of X to the integers. SW is a topological invariant of X defined using a signed sum over solutions to the monopole equations [2] . We will identify Spin c (X) with elements of H 2 (X, Z Z) congruent to w 2 (X) mod 2, and say that x ∈ Spin c (X) is a basic class if SW (x) = 0. In this letter we will assume that X is of (Seiberg-Witten) simple type, i.e., if x 2 = c 2 1 then SW (x) = 0. If X is of simple type and the SW invariant is not trivial, then X must obey the Noether condition, i.e. χ h ∈ Z Z.
Choose an integral lifting υ of w 2 (X) and consider the twisted SW series:
This is a finite sum [2] . A change of lifting υ →υ alters SW
Definition 2.1. Let X be a compact, oriented 4-manifold of simple type with b + 2 > 1. We say that "X is SST" if SW w 2 (X) X (z) has a zero at z = 0 of order ≥ χ h − c 2 1 − 3.
terminology comes from the physical motivation discussed at the end of this letter. The SST condition is equivalent to the condition that either c 2
where x k is naturally understood as an element in Sym k (H 2 (X, Z Z) * acting through the intersection form. Notice that, if χ h + σ is even (odd), the expressions of the form (2.3)
with k odd (even) are automatically zero. This is easily proved using the fact that, if x is a basic class, then so is −x, and
4)
as one easily checks using the Wu formula and the behavior of the SW invariants under the involution x → −x [2] . Therefore, there are only
is the greatest integer function.
Two theorems about SST manifolds
In this section, we will use the known behavior of the Seiberg-Witten invariants to state some properties of SST manifolds. The detailed proofs of Theorems 3.1 and 3.2 can be found in [1] . We only make some brief remarks on the proofs here. The proof of this theorem is a simple consequence of the known behavior of the SW invariants under these operations [3] [4] . The blowup is particularly instructive. If X = X♯CP 2 denotes the blownup manifold, with exceptional divisor E, one has
where we choose the lift of w 2 ( X) to beυ = υ+E. Using c 2 1 ( X) = c 2 1 (X)−1, it immediately follows that if X is SST then X is SST. This computation shows that the sign factor in (2.2) is crucial.
The proof for the fiber sum along c-embedded tori is based on the gluing formulae of [3] [4] . Using these formulae, one shows that, if X = X 1 ♯ T 1 =T 2 X 2 is the fiber sum of two SST manifolds, then
where the ± sign depends on the choice of the liftings and T is the common torus. The proof that X is SST is easy arithmetic based on (3.2).
The case of knot surgery also follows from [3] . Finally, we consider the generalized log transform for manifolds with a cusp neighborhood. This is done by doing p − 1 blowups, X → X♯(p − 1)CP 2 , and then performing a rational blowdown along a C p configuration.
See [3] [5] [6] for details. Again, the proof is simple given the known behavior of the SW invariants under these operations.
Proof: Since property SST is preserved by blowup, we can restrict to minimal complex surfaces. Using the Kodaira-Enriques classification we need only consider elliptic surfaces and surfaces of general type. For minimal surfaces of general type, the property SST is a consequence of the Noether inequality. For minimal elliptic fibrations with no multiple fibers the computation of the twisted series (2.2) follows from [7] [8] and is:
Here g ≥ 0 is the genus of the base of the fibration and f is the class of the fiber. Taking into account that c 2 1 = 0 the SST property follows immediately. In this computation we used the lift υ = c 1 (K), with K the canonical bundle of the elliptic surface. Since the SST property is preserved by generalized log transforms it follows that any minimal elliptic surface is SST. ♠ Most of the recent constructions of "exotic" manifolds (symplectic but noncomplex manifolds or nonsymplectic manifolds) are based on the constructions we have considered, and use complex surfaces as their building blocks. Therefore, they are all SST. For example, the SST property is also preserved by rational blowdowns of tautly embedded C n−2 configurations in the simply connected elliptic fibrations E(n) (for n ≥ 4). In particular, after a rational blowdown along one C n−2 in E(n), one obtains an interesting exotic manifold Y (n). Using [3] one finds that c 2 1 = χ h − 3 for Y (n), so it is SST. Based on the above results and the examination of many other examples, we accordingly formulate the following Conjecture 3.3. Every compact, oriented 4-manifold of b + 2 (X) > 1 is SST.
We will briefly explain the physical reasons for this conjecture in section 5. It would be desirable to have more results along the lines of this section for other constructions of four-manifolds, such as arbitrary rational blowdowns or fiber sums along surfaces of genus g > 1. This may help to provide a mathematical proof of the above conjecture.
Bounds on the number of basic classes for SST manifolds
One of the most important properties of SST manifolds is that, if they support any basic classes at all, then there is a lower bound on the number of such classes in terms of the classical numerical invariants of X. A corollary of this lower bound is a generalized
Noether inequality that relates the values of the numerical invariants c 2 1 , χ h , to the number of basic classes. This gives a deep relation between the Seiberg-Witten invariants and the geography of four-manifolds.
Let B X denote the set of basic classes of X. If x is a basic class, then so is −x, and it is convenient to mod out by this involution when counting the number of basic classes.
We will then say that X has B basic classes if the set B X /{±1} consists of B elements. In particular,
The theorem is a direct consequence of the conditions (2.3) for SST manifolds. The detailed proof can be found in [1] . The bound (4.1) is in fact sharp since it is saturated by the simply-connected elliptic fibrations E(n). It follows from Theorem 4.1 that manifolds with only one basic class must satisfy c 2 1 ≥ χ h − 3. This inequality is saturated, as we have noted, by the exotic manifolds Y (n) obtained by rational blowdown of E(n) [3] . All known constructions, e.g. those found in [3] , of manifolds with one basic class satisfy our inequality.
Given a metric on X one can also give an upper bound on B in terms of certain Riemannian functionals, using the ideas in [2] . Thus, there exist topological lower bounds on these Riemannian functionals.
Sketch of the relation to superconformal field theory
The above results and definitions are motivated by the existence of superconformal fixed points in certain physical theories. In this section, we summarize the main physical ideas behind the above results. Further discussion can be found in [1] .
Donaldson theory can be interpreted as a "topologically twisted" version of an N = 2 supersymmetric Yang-Mills theory [9] . The twisting procedure, which can be understood as a redefinition of the coupling to gravity, produces quantum field theories which are formally "topological," in the sense that the correlation functions do not depend on the metric of the four-manifolds. In this way, certain correlation functions of the twisted N = 2 theory are identified with Donaldson invariants. These correlation functions can be assembled into a generating function known as the Donaldson-Witten partition function and denoted by Z DW .
The data specifying the general d = 4, N = 2 supersymmetric gauge theory is a choice of a compact Lie group G (the gauge group), a finite dimensional representation R (the matter hypermultiplet representation) and a G-invariant tensor in R ⊗ R * (the masses of the matter hypermultiplets). The procedure of "topological twisting" only depends on the structure of the N = 2 supersymmetry algebra, so any of these models can be twisted to obtain a topological field theory. A particularly interesting case is the topological theory defined by the gauge group SU (2), with one matter multiplet in the fundamental representation representation of SU (2), denoted 2. This theory defines the moduli space associated to the nonabelian monopole equations, and it can be analyzed following the lines of Donaldson theory. (See [10] for a review from the point of view of topological field theory, and [11] for a recent review of rigorous results.) In particular, one can formally define topological invariants using intersection theory in the moduli space of solutions. An interesting aspect of this theory is that the mass term can be interpreted as the formal parameter of the equivariant cohomology of the moduli space with respect to a U (1) group action [12] . Therefore, the correlation functions of this topological theory, considered as functions of the mass, formally compute the equivariant intersection theory on the moduli space of nonabelian monopoles. More generally, for the theory specified by G, R the masses m are the parameters for the equivariant cohomology of a group action on the moduli space of the corresponding (nonabelian) monopole equations.
The low-energy dynamics of the SU (2) N = 2 supersymmetric gauge theories was solved by Seiberg and Witten in [13] in terms of certain families of elliptic curves. In the case when there are no matter multiplets Witten used this to obtain the topological correlation functions, i.e. the Donaldson invariants, in terms of the SW invariants [2] .
The result of [2] can be generalized to the theories with matter, as explained in [14] , and one obtains a generalization of Witten's formula, i.e., an exact expression for the generating function of equivariant intersection numbers, Z DW (p, S; m). In this function, p, S correspond to (equivariant) differential forms of degree four and two, respectively, on the corresponding moduli space, and generalize the usual observables of Donaldson-Witten theory.
We now describe the function Z DW (p, S; m) for the case G = SU (2), R = 2 in more detail. The Seiberg-Witten family of elliptic curves is parametrized by (u, m) ∈ C 2 and given by:
The curve is easily put into standard form y 2 = 4x 3 −g 2 x−g 3 , with g 2 (u; m) = 4 3 (u 2 −6m), g 3 (u; m) = 1 27 (8u 3 −72mu+108), and discriminant ∆(u; m) = g 3 2 −27g 2 3 . This discriminant is a cubic in u and has three roots u j (m), j = 1, 2, 3. For generic, but fixed, values of m one of the periods of (5.1) goes to infinity as u → u j while the other period, ̟ j ≡ ̟(u j (m); m) remains finite, and in fact is given by (̟ j ) 2 = g 2 /(36g 3 ). The Donaldson-Witten partition function on a manifold X of simple type and b + 2 (X) > 1 is given by a sum over the singular fibers of the Weierstrass family (5.1) and over the basic classes of X:
Here ∆ ′ = ∂ ∂u ∆, T j = − 1 24 (̟ j ) −2 − 8u j , and k is a nonvanishing constant, independent of p, S, m. Similar expressions hold for gauge groups G of rank bigger than one [15] .
At first sight, (5.2) and its generalizations are disappointing, since they imply that the more general topological theories and moduli equations obtained from general supersymmetric gauge theories do not contain new topological information. While (5.2) and its generalizations seem disappointing, defeat can be turned into victory by using known properties of the physical theories to learn about the SW invariants. From the mathematical viewpoint, the parameters m of equivariant cohomology are formal expansion parameters, but from the physical viewpoint it is clear that we should regard Z DW (p, S; m) as nontrivial locally analytic functions of m. At certain points of the moduli space, i.e., at special values of m, the low-energy SW theory is in fact a nontrivial superconformal field theory (i.e. a conformal field theory with N = 2 supersymmetry) [16] . We now describe how the analytic structure of Z DW (p, S; m) at such points can lead to the nontrivial predictions for topology described above.
Let us summarize some facts about the SW curve for G = SU (2), R = 2. Substituting m = 3 2 + z, u = 3 + 2z + δu into (5.1) and taking z, δu small leads to the curve The detailed expansion of Z DW as a power series in z is discussed at length in [1] .
An easy consequence of (2.4) is that Z DW (z) is a Laurent series in integral powers of z.
Using the facts from the previous paragraph one checks that the Laurent series (5.2) has at most a finite order pole of order z (c 2 1 −χ h )/4 . Thus, if c 2 1 − χ h < 0 there could be a pole in z. However, the physical origin of Z DW leads to a powerful and well-founded principle:
If X is compact, and the moduli space of solutions to the relevant abelian monopole equations is compact, then Z DW must be a regular analytic function of z near z = 0.
The reason for this principle is that divergences in topological field theory, even at superconformal points, can only arise from infrared divergences in spacetime or in moduli space. Since X is compact there are no divergences in spacetime. If the moduli space is compact then Z DW cannot diverge.
If c 2 1 − χ h < −3 then the coefficients of the would-be poles in the z-expansion are polynomials in p, S 2 , and (S, x). The regularity of Z DW at z = 0 thus implies nontrivial constraints on these quantities. Unfortunately, the detailed expansion described in [1] is somewhat complicated. Nevertheless, since ̟ ± ∼ z −1/4 it follows from expanding the exponential in (5.2) that if the sum rules (2.3) are satisfied then Z DW is indeed analytic at z = 0. This sufficient condition is the SST condition. As we have checked above, all known 4-manifolds of b + 2 > 1 satisfy the condition.
Close examination of the Laurent expansion in z of (5.2) reveals that the SST property is sufficient, but not necessary, for regularity [1] . It is thus logically possible that there exist 4-manifolds of simple type which are not SST, and yet do not violate our physical principle of regularity. However, the full statement of conditions for regularity of Z DW is rather involved, and we find this possibility extremely unlikely, both from the point of view of quantum field theory and from the point of view of four-manifold topology. It is worth noting that, even if we do drop the assumption that X is SST, regularity of Z DW implies that if X has one basic class then it satisfies the generalized Noether inequality
One can probably even relax the condition that X is of simple type. Every 4-manifold of b + 2 > 1 is of generalized simple type [14] . Using equations (7.12) and (11.27) of [14] it should be possible to extend the above results to those (hypothetical) manifolds of b + 2 > 1 which are not of simple type.
It would be very interesting to see whether the reasoning we have described here leads to further results in topology using other N = 2 superconformal fixed points.
